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Abstrat. For a bounded funtion f from the unit sphere of a losed subspae X of
a Banah spae Y , we study when the losed onvex hull of its spatial numerial range
W (f) is equal to its intrinsi numerial range V (f). We show that for every innite-
dimensional Banah spae X there is a superspae Y and a bounded linear operator
T : X −→ Y suh that coW (T ) 6= V (T ). We also show that, up to renormig, for every
non-reexive Banah spae Y , one an nd a losed subspae X and a bounded linear
operator T ∈ L(X, Y ) suh that coW (T ) 6= V (T ).
Finally, we introdue a suient ondition for the losed onvex hull of the spatial
numerial range to be equal to the intrinsi numerial range, whih we all the Bishop-
Phelps-Bollobás property, and whih is weaker than the uniform smoothness and the
nite-dimensionality. We haraterize strong subdierentiability and uniform smoothness
in terms of this property.
1. Introdution
Given a Banah spae Y over K (= R or C), we write BY for the losed unit ball and
SY for the unit sphere of Y . The dual spae of Y will be denoted by Y
∗
. If Z is another
Banah spae, we write L(Z, Y ) for the Banah spae of all bounded linear operators from
Z into Y ; if Z = Y we simply write L(Y ) := L(Y, Y ) to denote the the Banah algebra of
all bounded linear operators on Y . For an element u ∈ SY , we write
D(Y, u) := {y∗ ∈ Y ∗ : ‖y∗‖ = y∗(u) = 1},
the w∗-losed and onvex set of all states of Y relative to u. Let us mention two fats, both
onsequene of the Hahn-Banah Theorem, whih will be relevant to our disussion. On one
hand, we have
(1) lim
α↓0
‖u+ αy‖ − 1
α
= max{Re z∗(y) : z∗ ∈ D(Z, u)},
(see [10, Theorem V.9.5℄ for a proof). On the other hand, if X is a subspae of Y and u ∈ X ,
then D(X,u) oinides with the restrition to X of the elements of D(Y, u).
If Y is a Banah spae, by a losed subspae of Y we mean a Banah spae X and an
inlusion operator J : X −→ Y (i.e., J is a linear isometry), and we also say that Y is a
superspae of X . When no onfusion is possible, we omit J , but all the denitions below
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2 ON THE INTRINSIC AND THE SPATIAL NUMERICAL RANGE
depend on the way that X is a subspae of Y . Let us x X and Y as above. We write
Π(X,Y ) to denote the subset of SX × SY ∗ given by
Π(X,Y ) := {(x, y∗) ∈ SX × SY ∗ : y
∗ ∈ D(Y, Jx)} .
If X = Y , we just write Π(Y ) := Π(Y, Y ). We denote by B(SX , Y ) the Banah spae of
all bounded funtions from SX to Y , endowed with the natural supremum norm, and we
write C
u
(SX , Y ) for its losed subspae onsisting of all bounded and uniformly ontinuous
funtions. For f ∈ B(SX , Y ) we an dene two dierent numerial ranges, namely, the
spatial numerial range dened as
W (f) := {y∗(f(x)) : (x, y∗) ∈ Π(X,Y )} ,
and the intrinsi numerial range given by
V (f) := {Φ(f) : Φ ∈ D (B(SX , Y ), J |SX )} .
The name of intrinsi numerial range omes from the fat that if f belongs to any losed
subspae Z of B(SX , Y ), we an alulate V (f) using only elements in Z
∗
. These numerial
ranges appeared in a paper by L. Harris [16℄ for ontinuous funtions. In the partiular
ase when X = Y and f is (the restrition to SY of) a bounded linear operator, the spatial
numerial range was introdued by F. Bauer (eld of values subordinate to a norm [1℄),
extending Toeplitz's numerial range of matries [25℄ and, onerning appliations, it is
equivalent to Lumer's numerial range [18℄. Also in this ase, the intrinsi numerial range
appears as the algebra numerial range in the monographs by F. Bonsall and J. Dunan
[7, 8℄; we refer the reader to these books for general information and bakground. When
f is (the restrition to SY of) a uniformly ontinuous funtion from BY to Y whih is
holomorphi on the interior of BY , both ranges appeared for the rst time in [15℄, where
some appliations are given.
Let us x a Banah spae Y and a losed subspae X . For every f ∈ B(SX , Y ), V (f) is
losed and onvex, and we have
(2) coW (f) ⊆ V (f),
where co means losed onvex hull. (Indeed, for x ∈ SX and y
∗ ∈ SY ∗ , the mapping x⊗ y
∗
from B(SX , Y ) to K dened by
[x⊗ y∗](g) := y∗(g(x))
(
g ∈ B(SX , Y )
)
is an element of D(B(SX , Y ), J).) In the ase when X = Y , the inlusion above is known to
be an equality whenever f is a uniformly ontinuous funtion [16, Theorem 1℄ (see also [7,
9℄ for bounded linear operators, [15℄ for holomorphi funtions, and [23℄ for a slightly more
general result). On the other hand, the equality coW (f) = V (f) for arbitrary bounded
funtions annot be expeted in general. Indeed, this equality holds for every f ∈ B(SY , Y )
if and only if Y is uniformly smooth [22℄. In the general ase when X is a proper subspae,
two suient onditions are given in [16, Theorems 2 and 3℄ for the equality in Eq. (2),
namely, suh a equality holds for all f ∈ C
u
(SX , Y ) if either X is nite-dimensional or Y
is uniformly smooth (see denition below). Let us mention that if coW (f) = V (f) for a
bounded funtion f ∈ B(SX , Y ), then
maxRe V (f) = supRe W (f).
Therefore, the following formulae, onsequene of Eq. (1), will be useful:
maxRe V (f) = lim
α↓0
‖J + αf‖ − 1
α
= lim
α↓0
sup
x∈SX
‖x+ αf(x)‖ − 1
α
,(3)
supRe W (f) = sup
x∈SX
lim
α↓0
‖x+ αf(x)‖ − 1
α
.(4)
To state the main results of the paper, let us reall some denitions and notations.
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The norm of a Banah spae Y is said to be smooth at u ∈ SY if D(Y, u) redues to a
singleton, and it is said to be Fréhet-smooth or Fréhet dierentiable at u whenever there
exists
(5) lim
α→0
‖u+ αy‖ − 1
α
uniformly for y ∈ BY . If this happens for all u ∈ SY we say that the norm of Y is Fréhet
dierentiable. If, in addition, the limit in (5) is also uniform in u ∈ SX , we say that the
norm of Y is uniformly Fréhet dierentiable at SY or that Y is uniformly smooth. A natural
suedanea of Fréhet dierentiability of the norm when smoothness is not required is the
following notion introdued by D. Gregory [13℄. The norm of Y is strongly subdierentiable
(ssd in short) at u whenever there exists
lim
α↓0
‖u+ αy‖ − 1
α
uniformly for y ∈ BY . If this happens for all u ∈ SY , we simply say that the norm of
Y is ssd. Thus, the norm of Y is Fréhet dierentiable at u if and only if it is strongly
subdierentiable at u, and Y is smooth at u. This property has been fully investigated in
[11℄, where we refer the reader for bakground. It is shown in [11, Theorem 1.2℄ that the
norm of Y is ssd at u if and only if D(Y, u) is strongly exposed by u, i.e., for every ε > 0,
there exists δ > 0 suh that
y∗ ∈ BY ∗ , Re y
∗(u) > 1− δ =⇒ d(y∗, D(Y, u)) < ε.
In this paper we study when the equality in Eq. (2) holds. The results of the paper an
be divided in two ategories.
The rst ategory onsists of negative results: we present examples of pairs of Banah
spaes Y and losed subspaes X in whih the equality in Eq. (2) fails, even for elements of
L(X,Y ). In setion 2 we show that for every innite-dimensional Banah spae X , there is
a superspae Y and an element T ∈ L(X,Y ) suh that coW (T ) 6= V (T ). In setion 3, we
give onrete examples of Banah spaes Y for whih there is a losed subspae X and an
element T ∈ L(X,Y ) suh that coW (T ) 6= V (T ). Suh examples are c0, ℓ2
∑
∞(ℓ2 ⊕1 ℓ2),
and, up to renorming, every non-reexive Banah spae. We will use the following notation:
a Banah spae Y is said to have the FR-property if for every losed subspae X and every
T ∈ L(X,Y ), the equality coW (T ) = V (T ) holds.
The seond ategory is that onsisting of positive results. We introdue in setion 4 a
suient ondition for the FR-property whih overs all the previously known examples
and may be interesting by itself. We use the name Bishop-Phelps-Bollobás property for
it sine it is related to the quantitative version of the Bishop-Phelps theorem [4℄ given by
B. Bollobás [6℄. We relate this property to the strong subdierentiability of the norm and
to the uniform smoothness.
2. When we fix the subspae
We reall that, whenX is nite-dimensional, for every superspae Y and every (uniformly)
ontinuous funtion f : SX −→ Y , the equality coW (f) = V (f) holds [16, Theorem 2℄. The
aim of this setion is to show that this fat haraterizes the nite-dimensionality, even if
we restrit ourselves to bounded linear operators.
Theorem 2.1. Let X be an innite-dimensional Banah spae. Then, there are a superspae
Y and an operator T ∈ L(X,Y ) suh that coW (T ) 6= V (T )
We need the following easy lemma.
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Lemma 2.2. If X is an innite-dimensional Banah spae, then there exists a norm-one
operator S ∈ L(X, c0) whih does not attain its norm.
Proof. Sine X is innite dimensional, the Josefson-Nissenzweig theorem (see [9, XII℄)
assures the existene of a sequene {x∗n} in SX∗ w
∗
-onverging to 0. Now, the operator
S : X −→ c0 dened by
[Sx](n) =
n
n+ 1
x∗n(x)
(
x ∈ X, n ∈ N
)
,
does not attain its norm. 
Proof of Theorem 2.1. Let Y = X ⊕ c0 endowed with the norm
‖(x, t)‖ = max {‖x‖, ‖Sx‖∞ + ‖t‖∞} ,
where S ∈ L(X, c0) is a norm-one operator whih does not attain its norm, and let J :
X −→ Y be the natural inlusion Jx = (x, 0) for every x ∈ X . If we dene T ∈ L(X,Y ) by
Tx = (0, Sx) for every x ∈ X , it is straightforward to hek that
lim
α↓0
sup
x∈SX
‖x+ αTx‖ − 1
α
= 1 and sup
x∈SX
lim
α↓0
‖x+ αTx‖ − 1
α
= 0.
Thus, Eq. (3) and (4) give V (T ) 6= coW (T ), as desired. 
Remark 2.3. With a bit more of work, one an show that the superspae Y in the above
theorem an be found in suh a way that Y/X has dimension 1. We divide the proof in two
ases, depending on whether X is reexive or not.
Case 1: Suppose X is not reexive. Then by the James theorem, there exists x∗ ∈ SX∗
whih does not attain its norm. Thus, we an dene Y = X ⊕K endowed with the norm
‖(x, t)‖ = max{‖x‖, |x∗(x)|+ |t|}
(
x ∈ X, t ∈ K
)
,
whih ontains X as the subspae {(x, 0) : x ∈ X}. If we take T ∈ L(X,Y ) dened by
Tx = (0, x∗(x)) for every x ∈ X , it is straightforward to show, by using Eq. (3) and (4),
that maxRe V (T ) = 1 and supRe W (T ) = 0.
Case 2: Suppose X is reexive. By the Elton-Odell (1 + ε)-separation theorem, there are
ε0 > 0 and a sequene {x
∗
n}n>0 of elements of SX∗ , satisfying
‖x∗n − x
∗
m‖ > 1 + ε0
(
n 6= m
)
(see [9, XIV℄). Sine X is reexive, for eah n ∈ N there exists xn ∈ SX suh that
|(x∗n − x
∗
0
)(xn)| = ‖x
∗
n − x
∗
0
‖ > 1 + ε0.
Therefore,
(6) |x∗
0
(xn)| > |(x
∗
n − x
∗
0
)(xn)| − |x
∗
n(xn)| > 1 + ε0 − 1 = ε0.
On the other hand, for eah n ∈ N, we take
y∗n =
x∗n − x
∗
0
‖x∗n − x
∗
0
‖
∈ SX∗
and we observe that y∗n(xn) = 1 for every n ∈ N. Sine X + c0, it an be dedued from the
proof of the Elton-Odell theorem that {x∗n} is a basi sequene and so, it onverges to zero
in the weak topology by the reexivity of X∗ (see [24, Theorem II.7.2℄). Using this, and the
fat that
‖x∗n − x
∗
0
‖ > 1 + ε0 and ‖x
∗
0
‖ 6 1,
we obtain
lim y∗n(x) < 1
(
x ∈ BX
)
.
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This learly implies that the operator S ∈ L(X, ℓ∞) given by
[Sx](n) =
n
n+ 1
y∗n(x)
(
x ∈ X, n ∈ N
)
does not attain its norm. Now, we take Y = X ⊕K with the norm given by
‖(x, t)‖ = max{‖x‖, ‖Sx‖∞ + |t|}
(
x ∈ X, t ∈ K
)
,
we write J ∈ L(X,Y ) for the natural inlusion and, we onsider the operator T ∈ L(X,Y )
dened by Tx = (0, x∗
0
(x)) for all x ∈ X . Using Eq. (4) and the fat that S does not attain
its norm, we obtain supRe W (T ) = 0. To ompute maxRe V (T ), we observe that
‖J + αT ‖ > ‖xn + αTxn‖ = ‖(xn, αx
∗
0
(xn)‖ > ‖Sxn‖+ α|x
∗
0
(xn)|
so, by using Eq. (6) and the fat that ‖Sxn‖ −→ 1, we get
‖J + αT ‖ > 1 + αε0 for every α > 0.
By just using Eq. (3), we get maxRe V (T ) > ε0, whih nishes the proof. 
3. When we fix the superspae
As we ommented in the introdution, the following result is a partiular ase of [16,
Theorems 2 and 3℄.
Proposition 3.1. Finite-dimensional spaes and uniformly smooth spaes have the FR-
property.
In the preeding setion we have onstruted examples ad ho of Banah spaes Y whih
do not have the FR-property. The aim of this setion is to present some onrete examples
of this phenomenon whih will also show that some natural extensions of Proposition 3.1
are not possible.
Let us give the rst example.
Example 3.2. c0 does not have the FR-property. Indeed, let Y = c0 ⊕ K2 endowed with
the norm
‖(x, λ, µ)‖ = max{‖x‖∞, |λ|+ |µ|}
(
x ∈ c0, λ, µ ∈ K
)
,
whih is isometrially isomorphi to c0. We take a norm-one funtional x
∗
0
on c0 not attaining
its norm, we onsider the losed subspae X = {(x, x∗
0
(x), 0) : x ∈ c0} of Y , and we write
J for the natural inlusion of X into Y . If we onsider the operator T : X −→ Y given by
T (x, x∗
0
(x), 0) = (0, 0, x∗
0
(x))
(
x ∈ c0
)
,
by using Eq. (3), Eq. (4), and the fat that x∗
0
does not attain its norm, it is easy to verify
that
maxRe V (T ) = 1 and supRe W (T ) = 0,
whih nish the proof.
Sine the norm of c0 is ssd (see [11, orollary 2.6℄, for instane), the above example shows
that Proposition 3.1 annot be extended to the lass of Banah spaes with ssd norm.
On the other hand, using the ideas appearing in the above example, it is easy to prove
the following.
Proposition 3.3. Every non-reexive Banah spae admits an equivalent norm failing the
FR-property.
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Proof. Let Z be a non-reexive Banah spae. Then, Z is isomorphi to Y = V ⊕∞ (K⊕1K),
where V is a 2-odimensional losed subspae of Z and, therefore, it is also non-reexive.
Then, we hoose v∗
0
∈ SV ∗ whih does not attain its norm, we dene the losed subspae
X = {(v, v∗
0
(v), 0) : v ∈ V } ,
and we onsider J the natural inlusion ofX in Y . As in the preeding example, the operator
T : X −→ Y given by
T (v, v∗
0
(v), 0) = (0, 0, v∗
0
(v))
(
x ∈ X
)
satises
maxRe V (T ) = 1 and supRe W (T ) = 0. 
In view of Propositions 3.1 and 3.3, one may wonder if reexivity implies the FR-property.
This is not the ase, as the following example shows.
Example 3.4. The superreexive spae Y = ℓ2⊕∞(ℓ2 ⊕1 ℓ2) does not have the FR property.
Proof. First of all, it is straightforward to show that the norm-one operator S : ℓ2 −→ ℓ2
dened by
[Sx](n) =
n
n+ 1
x(n)
(
x ∈ ℓ2, n ∈ N
)
does not attain its norm. Now, we onsider the losed subspae
X = {(x, Sx, 0) : x ∈ ℓ2}
with its natural inlusion in Y , and we dene the operator T : X −→ Y by
T (x, Sx, 0) = (0, 0, Sx)
(
x ∈ X
)
.
The proof will be nished if we show that supRe W (T ) = 0 and maxRe V (T ) > 1. For the
rst equality, given x ∈ Sℓ2 we may nd αx > 0 suh that (1+αx)‖Sx‖ < 1. Then, for eah
0 < α < αx we have
‖(x, Sx, 0) + αT (x, Sx, 0)‖ = ‖(x, Sx, αSx)‖ = max{1, (1 + α)‖Sx‖} = 1,
and therefore
lim
α↓0
‖(x, Sx, 0) + αT (x, Sx, 0)‖ − 1
α
= 0.
The arbitrariness of x ∈ Sℓ2 gives supRe W (T ) = 0. On the other hand, for eah α > 0, we
observe that
‖J + αT ‖ > (1 + α)
n
n+ 1
(n ∈ N),
so ‖J + αT ‖ > 1 + α, and
maxRe V (T ) = lim
α↓0
‖J + αT ‖ − 1
α
> 1.
4. A suffiient ondition: The Bishop-Phelps-Bollobás property
The aim of this setion is to study a suient ondition for the FR-property whih,
atually, overs all the examples given previously. The motivation for this property is the
quantitative version of the lassial Bishop-Phelps' Theorem [4, 5℄ established by B. Bollobás
[6℄ (see [8, 16℄ for the below version).
Theorem 4.1 (Bishop-Phelps-Bollobás). Let Y be a Banah spae and ε > 0. Whenever
y0 ∈ SY and y
∗
0
∈ SY ∗ satisfy that Re y
∗
0
(y0) > 1−
ε2
4
, there exists (y, y∗) ∈ Π(Y ) suh that
‖y − y0‖ < ε and ‖y
∗ − y∗
0
‖ < ε.
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This theorem has played an outstanding role in some topis of geometry of Banah spaes
(see [12, 20, 21℄, for instane), speially in the study of ssd norms [11℄ or in the study of
spatial numerial range of operators [8, 16 and 17℄. Also, the proof of the fat that
coW (f) = V (f) for every f ∈ C
u
(SY , Y ) given in [16, Theorem 1℄ uses the above result.
For bounded linear operators, this equality an be also dedued from [17, Theorem 8℄, a
result whose proof also uses the Bishop-Phelps-Bollobás theorem. Motivated by these fats,
we introdue a property whih will be suient for the FR-property and it may be of
independent interest.
Denition 4.2. Let Y be a Banah spae and let X be a losed subspae of Y . We say
that (X,Y ) is a Bishop-Phelps-Bollobás pair (BPB-pair in short) if for every ε > 0 there
exists δ > 0 suh that whenever x0 ∈ SX , y
∗
0
∈ SY ∗ satisfy Re y
∗
0
(x0) > 1 − δ, there exists
(x, y∗) ∈ Π(X,Y ) so that
‖x0 − x‖ < ε and ‖y
∗
0
− y∗‖ < ε.
We say that a Banah spae Y has the BPB property if for every losed subspae X of Y ,
(X,Y ) is a BPB-pair.
The next result shows that the BPB property is suient for the FR-property. Atually,
it an be proved that the equality in Eq. (2) holds for uniformly ontinuous funtions.
Theorem 4.3. Let Y be a Banah spae and X a losed subspae suh that (X,Y ) is a
BPB-pair. Then, for every f ∈ C
u
(SX , Y ), the equality coW (f) = V (f) holds.
Proof. Let J ∈ L(X,Y ) be the inlusion map. Let f ∈ C
u
(SX , Y ) and Φ ∈ D(Cu(SX , Y ), J).
By [16, Proposition 1℄, it sues to show that
(7) Re Φ(f) 6 supRe W (f).
For eah n ∈ N, by using [16, Lemma 1℄ we may nd xn ∈ SX and y∗n ∈ SY ∗ suh that
(8) Re Φ(f) 6 Re y∗n(f(xn)) + 1/n
and y∗n(xn) −→ 1. Sine (X,Y ) is a BPB-pair, it follows that there exists a sequene{
(x˜n, y˜
∗
n)
}
n∈N
⊆ Π(X,Y ) suh that
{xn − x˜n}n∈N −→ 0 and {y
∗
n − y˜
∗
n}n∈N −→ 0.
By Eq. (8),
Re Φ(f) 6 Re y˜∗n(f(x˜n)) + Re [y
∗
n − y˜
∗
n](f(x˜n)) + Re y
∗
n(f(xn)− f(x˜n)) + 1/n
6 supRe W (f) + ‖y∗n − y˜
∗
n‖ ‖f‖∞ + ‖f(xn)− f(x˜n)‖+ 1/n
for all n ∈ N. Thus, Eq. (7) follows from the above and the uniform ontinuity of f . 
It is worth mentioning that the above proof follows the lines of [16, Theorem 1℄.
Corollary 4.4. Let Y be a Banah spae with the BPB property. Then, Y has the FR-
property.
As a onsequene of the above orollary and Theorem 2.1, we get the following.
Corollary 4.5. Let X be an innite-dimensional Banah spae. Then, there is a superspae
Y of X suh that (X,Y ) is not a BPB-pair.
The above result implies that not every Banah spae Y has the BPB property. For
instane, the examples given in setion 3 of Banah spaes whih do not have the FR-
property also fail the BPB property.
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Example 4.6. The spaes c0 and ℓ2 ⊕∞ (ℓ2 ⊕1 ℓ2) fail the BPB property in their anon-
ial norms. Every non-reexive Banah spae admits an equivalent norm failing the BPB
property.
On the other hand, if we restrit ourselves to nite-dimensional subspaes, we get a
haraterization of the ssd norms.
Proposition 4.7. Let Y be a Banah spae. Then, the norm of Y is ssd if, and only if, for
every nite-dimensional subspae X ⊆ Y , the pair (X,Y ) is BPB.
Proof. We suppose rst that the norm of Y is ssd. Let X be a nite-dimensional subspae
of Y and let ε > 0 be given. Sine the norm of Y is ssd, [11, Theorem 1.2℄ gives us that for
eah x ∈ SX there exists δx > 0 so that
y∗ ∈ SY ∗ , Re y
∗(x) > 1− δx =⇒ d (y
∗, D(Y, x)) < ε.
Therefore, if for eah x ∈ SX we dene
Ax =
{
u ∈ SX : ‖u− x‖ < min
{
ε,
δx
2
}}
,
the ompatness of SX assures the existene of x1, . . . , xn ∈ SX suh that
SX =
n⋃
i=1
Axi .
Then, δ = min
{
δxi
2
: i = 1, . . . , n
}
satises the BPB ondition. Indeed, let x0 ∈ SX and
y∗
0
∈ SY ∗ be suh that
Re y∗
0
(x0) > 1− δ.
Sine x0 ∈ SX , there exists j ∈ {1, . . . , n} so that x0 ∈ Axj , that is
‖x0 − xj‖ < min
{
ε,
δxj
2
}
.
Therefore, Re y∗
0
(xj) > 1 − δxj whih implies the existene of y
∗ ∈ D(Y, xj) suh that
‖y∗ − y∗
0
‖ < ε.
To prove the onverse, it is enough to x x0 ∈ SY and to show that x0 strongly exposes
D(Y, x0) [11, Theorem 1.2℄. To do so, let X be the subspae of Y generated by x0 and, xed
ε > 0, let δ > 0 be given by the denition of the BPB for the pair (X,Y ) and ε/2. Suppose
now that y∗
0
∈ SY ∗ is suh that Re y
∗
0
(x0) > 1 − δ, then there exists (x, y
∗) ∈ Π(X,Y ) so
that
‖x− x0‖ < ε/2 and ‖y
∗ − y∗
0
‖ < ε/2.
Sine x ∈ span(x0), there exists a modulus-one λ ∈ K suh that x = λx0. Therefore,
|λ− 1| = ‖λx0 − x0‖ = ‖x− x0‖ < ε/2,
and then,
λy∗ ∈ D(Y, x0) and ‖λy
∗ − y∗
0
‖ 6 ‖λy∗ − y∗‖+ ‖y∗ − y∗
0
‖ < ε/2 + ε/2 = ε,
whih nishes the proof. 
Sine the norm of any nite-dimensional Banah spae is ssd (see [11, pp. 48℄), we have
the following orollary, whih also implies the rst part of Proposition 3.1.
Corollary 4.8. Every nite-dimensional Banah spae has the BPB property.
The other lass of spaes with the FR-property given in Proposition 3.1 is the one of
uniformly smooth spaes. This result an be also dedued from Corollary 4.4, as the following
proposition shows.
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Proposition 4.9. Every uniformly smooth spae has the BPB property.
Proof. Let Y be an uniformly smooth spae. Then, Y ∗ is uniformly onvex, so, for every
ε > 0, we may nd δ > 0 (the modulus of onvexity of Y ∗) suh that
x∗, y∗ ∈ SY ∗ , ‖x
∗ + y∗‖ > 2− δ =⇒ ‖x∗ − y∗‖ < ε
(see [2, Chapter II℄ for instane). Let X be a subspae of Y , and let x0 ∈ SX and y
∗
0
∈ SY ∗
be so that Re y∗
0
(x0) > 1− δ. If we onsider y
∗ ∈ SY ∗ suh that Re y
∗(x0) = 1, we have
‖y∗ + y∗
0
‖ > Re (y∗ + y∗
0
)(x0) > 2− δ
and, therefore,
‖y∗ − y∗
0
‖ < ε,
whih nishes the proof. 
Observe that, in the above proof, the relation ε − δ does not depend on the subspae.
The next result shows that this fat atually haraterizes the uniform smoothness.
Proposition 4.10. Let Y be a Banah spae with the BPB property in suh a way that the
relationship between ε and δ in Denition 4.2 does not depend on the subspae X. Then, Y
is uniformly smooth.
Proof. In view of [11, Proposition 4.1℄, it is enough to show that the limit
lim
t↓0
‖u+ ty‖ − 1
t
=: τ(u, y)
exists uniformly for y ∈ BY and u ∈ SY . Given ε > 0, let 0 < δ < 2 be given by the
uniform BPB property. Now, for y ∈ BY , u ∈ SY and 0 < t <
δ
2
, we onsider
yt =
u+ ty
‖u+ ty‖
∈ SY and y
∗
t ∈ D(Y, yt).
It is immediate to hek that Re y∗t (u) > 1−δ so, if we take X = span(u), the BPB property
assures the existene of (x, z∗t ) ∈ Π(X,Y ) suh that ‖x − u‖ < ε and ‖z
∗
t − y
∗
t ‖ < ε. Sine
x ∈ span(u), there exists a modulus-one λ ∈ K suh that x = λu. Therefore,
|λ− 1| = ‖λu− u‖ = ‖x− u‖ < ε,
and then,
λz∗t ∈ D(Y, u) and ‖λz
∗
t − y
∗
t ‖ 6 ‖λz
∗
t − z
∗
t ‖+ ‖z
∗
t − y
∗
t ‖ < ε+ ε = 2ε,
Now, the fats
‖u+ ty‖ − 1
t
=
Re y∗t (u+ ty)− 1
t
6 Re y∗t (y)
and τ(u, y) > Re λz∗t (y) (by Eq. (1)), give
0 6
‖u+ ty‖ − 1
t
− τ(u, y) 6 Re y∗t (y)− Re λz
∗
t (y) 6 ‖λz
∗
t − y
∗
t ‖ < 2ε,
and the arbitrariness of ε > 0 nishes the proof. 
We onlude the paper proving that a pair (X,Y ) is a BPB-pair provided that X is an
absolute ideal of Y . Let us introdue the neessary denitions. We refer the reader to [8,
 21℄, [19℄, and referenes therein for bakground. A losed subspae X of a Banah spae
Y is said to be an absolute summand of Y if there exists another losed subspae Z suh
that Y = X ⊕ Z and, for every x ∈ X and z ∈ Z, the norm of x + z only depends on ‖x‖
and ‖z‖. We also say that Y is an absolute sum of X and Z. This implies that there exists
an absolute norm on R2 suh that
‖x+ z‖ = |(‖x‖, ‖z‖)|a
(
x ∈ X, z ∈ Z
)
.
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By an absolute norm we mean a norm | · |a on R2 suh that |(1, 0)|a = |(0, 1)|a = 1 and
|(a, b)|a = |(|a|, |b|)|a for every a, b ∈ R. Useful results about absolute norms are the following
inequality
max{|a|, |b|} 6 |(a, b)|a 6 |a|+ |b| a, b ∈ R,
and the fat that absolute norms are nondereasing and ontinuous in eah variable. We
say that X is an absolute ideal of Y if X⊥ is an absolute summand of Y ∗, in whih ase, Y ∗
an be identied with X∗ ⊕ X⊥ with a onvenient absolute sum. It is lear that absolute
summands are absolute ideals, but the onverse is not true.
Absolute summands and absolute ideals are generalizations of the well-knownM-summands,
L-summands, M-ideals, and the more general lass of Lp-summands [3, 14℄.
Proposition 4.11. Let Y be a Banah spae and let X be a losed subspae. If X∗ is an
absolute summand of Y ∗, then the pair (X,Y ) is BPB. In partiular, this ours when X is
an absolute ideal of Y .
We need the following easy result, whih we separate from the proof of the proposition
for the sake of learness.
Lemma 4.12. Let E be (R2, | · |a) where | · |a is an absolute norm. We write
b0 = max{b > 0 : |(1, b)|a = 1},
and we dene
A(δ) = {(a, b) ∈ BE : a > 1− δ, b > b0} (δ > 0).
Then, for every ε > 0 there exists δ > 0 suh that diam(A(δ)) < ε.
Proof. Suppose, for the sake of ontradition, that the result does not hold. Then, there
exists ε0 > 0 suh that for every n ∈ N, diam(A( 1n )) > ε0. So, we may nd (an, bn) ∈ A(
1
n
)
suh that |(an, bn)− (1, b0)|a >
ε0
2
, and thus
(9)
ε0
2
6 |an − 1|+ |bn − b0| (n ∈ N).
Let {(aσn , bσn)} be a onvergent subsequene of {(an, bn)}, and let (1, b) ∈ SE be its limit.
By Eq. (9) and the fat that (aσn , bσn) ∈ A(
1
σn
), it is immediate to hek that
ε0
2
6 |b− b0| and b > b0.
So, b is stritly bigger than b0, a ontradition. 
Proof of Proposition 4.11. There exist a subspae Z of Y ∗ and an absolute norm | · |a on R2
so that Y ∗ = X∗ ⊕ Z and
‖(x∗, z∗)‖ =
∣∣(‖x∗‖, ‖z∗‖)∣∣
a
(
x∗ ∈ X∗, z∗ ∈ Z
)
.
For ε > 0 xed, we take δ1 > 0 given by the preeding lemma applied for ε/3, and we dene
δ := min
{
δ1,
ε2
36
}
.
To nish the proof, for x0 ∈ SX and y
∗
0
= (x∗
0
, z∗
0
) ∈ SY ∗ satisfying
Re y∗
0
(x0) = Re x
∗
0
(x0) > 1− δ,
we have to nd (x, y∗) ∈ Π(X,Y ) so that
‖y∗ − y∗
0
‖ < ε and ‖x− x0‖ < ε.
To this end, sine
‖x0‖ = 1 =
∥∥∥∥ x∗0‖x∗
0
‖
∥∥∥∥ and Re x∗0‖x∗
0
‖
(x0) > Re x
∗
0
(x0) > 1−
ε2
36
,
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we an apply the lassial Bishop-Phelps-Bollobás Theorem (4.1) to
(
x0,
x∗
0
‖x∗
0
‖
)
∈ X ×X∗
to get (x, x∗) ∈ Π(X) suh that
(10)
∥∥∥∥x∗ − x∗0‖x∗
0
‖
∥∥∥∥ < ε3 and ‖x− x0‖ < ε3 .
Now, we distinguish two ases. Suppose rst that ‖z∗
0
‖ 6 b0. Then, we take y
∗ := (x∗, z∗
0
),
whih satises Re y∗(x) = 1 and ‖y∗‖ =
∣∣(1, ‖z∗
0
‖)
∣∣
a
= 1. Using Eq. (10) and the denition
of δ, we get
‖y∗ − y∗
0
‖ = ‖x∗ − x∗
0
‖ <
ε
3
+ δ < ε.
So, the pair (x, y∗) satises the desired ondition.
Suppose otherwise that ‖z∗
0
‖ > b0. In this ase, we take y
∗ :=
(
x∗, b0‖z∗
0
‖z
∗
0
)
, whih learly
satises Re y∗(x) = 1 = ‖y∗‖. Now, (1, b0) and (‖x
∗
0
‖, ‖z∗
0
‖) belong to A(δ) and the diameter
of this set is less than ε/3 by Lemma 4.12, so we have∣∣‖z∗
0
‖ − b0
∣∣ 6 ∣∣(1, b0)− (‖x∗0‖, ‖z∗0‖)∣∣a < ε3
and
‖y∗ − y∗
0
‖ =
∣∣(‖x∗ − x∗
0
‖, ‖z∗
0
‖ − b0)
∣∣
a
6 ‖x∗ − x∗
0
‖+
∣∣‖z∗
0
‖ − b0
∣∣ < ε. 
By just applying the above proposition and Theorem 4.3, we get the following.
Corollary 4.13. Let Y be a Banah spae and let X be a losed subspae of Y suh that
X∗ is an absolute summand of Y ∗ (in partiular, if X is an absolute ideal of Y ). Then,
coW (f) = V (f)
for every f ∈ C
u
(SX , Y ).
An interesting partiular ase is the ase of M -embedded and L-embedded spaes. A
Banah spae X is said to be M -embedded if it is an M -ideal of X∗∗, and it is L-embedded
if X∗∗ = X ⊕1 Z for some losed subspae Z of X
∗∗
.
Corollary 4.14. If X is an M -embedded or an L-embedded spae, then (X,X∗∗) is a BPB-
pair.
We do not know if the assumption of being M -embedded or L-embedded in the above
result is superabundant.
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